This paper considers regularizing a covariance matrix of p variables estimated from n observations, by hard thresholding. We show that the thresholded estimate is consistent in the operator norm as long as the true covariance matrix is sparse in a suitable sense, the variables are Gaussian or sub-Gaussian, and (log p)/n → 0, and obtain explicit rates. The results are uniform over families of covariance matrices which satisfy a fairly natural notion of sparsity. We discuss an intuitive resampling scheme for threshold selection and prove a general cross-validation result that justifies this approach. We also compare thresholding to other covariance estimators in simulations and on an example from climate data.
1. Introduction. Estimation of covariance matrices is important in a number of areas of statistical analysis, including dimension reduction by principal component analysis (PCA), classification by linear or quadratic discriminant analysis (LDA and QDA), establishing independence and conditional independence relations in the context of graphical models, and setting confidence intervals on linear functions of the means of the components. In recent years, many application areas where these tools are used have been dealing with very high-dimensional datasets, and sample sizes can be very small relative to dimension. Examples include genetic data, brain imaging, spectroscopic imaging, climate data and many others.
It is well known by now that the empirical covariance matrix for samples of size n from a p-variate Gaussian distribution, N p (µ, Σ p ), is not a good estimator of the population covariance if p is large. Many results in random matrix theory illustrate this, from the classical Marčenko-Pastur law [29] This is an electronic reprint of the original article published by the Institute of Mathematical Statistics in The Annals of Statistics, 2008 , Vol. 36, No. 6, 2577 -2604 . This reprint differs from the original in pagination and typographic detail. 1 to the more recent work of Johnstone and his students on the theory of the largest eigenvalues [12, 23, 30] and associated eigenvectors [24] . However, with the exception of a method for estimating the covariance spectrum [11] , these probabilistic results do not offer alternatives to the sample covariance matrix.
Alternative estimators for large covariance matrices have therefore attracted a lot of attention recently. Two broad classes of covariance estimators have emerged: those that rely on a natural ordering among variables, and assume that variables far apart in the ordering are only weakly correlated, and those invariant to variable permutations. The first class includes regularizing the covariance matrix by banding or tapering [2, 3, 17] , which we will discuss below. It also includes estimators based on regularizing the Cholesky factor of the inverse covariance matrix. These methods use the fact that the entries of the Cholesky factor have a regression interpretation, which allows application of regression regularization tools such as the lasso and ridge penalties [21] , or the nested lasso penalty [28] specifically designed for the ordered variables situation. Banding the Cholesky factor has also been proposed [3, 34] . These estimators are appropriate for a number of applications with ordered data (time series, spectroscopy, climate data). For climate applications and other spatial data, since there is no total ordering on the plane, applying the Cholesky factor methodology is problematic; but as long as there is an appropriate metric on variable indexes (sometimes, simple geographical distance can be used), banding or tapering the covariance matrix can be applied.
However, there are many applications, for example, gene expression arrays, where there is no notion of distance between variables at all. These applications require estimators invariant under variable permutations. Shrinkage estimators are in this category and have been proposed early on [7, 20] . More recently, Ledoit and Wolf [26] proposed an estimator where the optimal amount of shrinkage is estimated from data. Shrinkage estimators shrink the overdispersed sample covariance eigenvalues, but they do not change the eigenvectors, which are also inconsistent [24] , and do not result in sparse estimators. Several recent papers [5, 31, 35] construct a sparse permutation-invariant estimate of the inverse of the covariance matrix, also known as the concentration or precision matrix. Sparse concentration matrices are of interest in graphical models, since zero partial correlations imply a graph structure. The common approach of [5, 31, 35] is to add an L 1 (lasso) penalty on the entries of the concentration matrix to the normal likelihood, which results in shrinking some of the elements of the inverse to zero. In [31] , it was shown that this method has a rate of convergence that is driven by (log p)/n and the sparsity of the truth. Computing this estimator is nontrivial for high dimensions and can be achieved either via a semidefinite programming algorithm [ [5] , [35] ] or by using the Cholesky decomposition to reparametrize the concentration matrix [31] , but all of these are computationally intensive. A faster algorithm that employs the lasso was proposed by Friedman, Hastie and Tibshirani [16] . This approach has also been extended to more general penalties like SCAD [15] by Lam and Fan [25] and Fan, Fan and Lv [14] . In specific applications, there have been other permutation-invariant approaches that use different notions of sparsity: Zou, Hastie and Tibshirani [36] apply the lasso penalty to loadings in PCA to achieve sparse representation; d'Aspremont et al. [6] compute sparse principal components by semidefinite programming; Johnstone and Lu [24] regularize PCA by moving to a sparse basis and thresholding; and Fan, Fan and Lv [13] impose sparsity on the covariance via a factor model, which is often appropriate in finance applications.
In this paper, we propose thresholding of the sample covariance matrix as a simple and permutation-invariant method of covariance regularization. This idea has been simultaneously and independently developed by El Karoui [10] , who studied it under a special notion of sparsity called β-sparsity (see details in Section 2.4). Here we develop a natural permutationinvariant notion of sparsity which, though more specialized than El Karoui's, seems easier to analyze and parallels the treatment in [3] which defines a class of models where banding is appropriate. Bickel and Levina [3] showed that, uniformly over the class of approximately "bandable" matrices, the banded estimator is consistent in the operator norm (also known as the matrix 2-norm, or spectral norm) for Gaussian data as long as (log p)/n → 0.
Here we show consistency of the thresholded estimator in the operator norm, uniformly over the class of matrices that satisfy our notion of sparsity, as long as (log p)/n → 0, and obtain explicit rates of convergence. There are various arguments to show that convergence in the operator norm implies convergence of eigenvalues and eigenvectors [3, 10] , so this norm is particularly appropriate for PCA applications. The rate we obtain is slightly worse than the rate of banding when the variables are ordered, but the difference is not sharp. This is expected, since in the situation when variables are ordered, banding takes advantage of the underlying true structure. Thresholding, on the other hand, is applicable to many more situations. In fact, our treatment is in many respects similar to the pioneering work on thresholding of Donoho and Johnstone [8] and the recent work of Johnstone and Silverman [22] and Abramovich et al. [1] .
The rest of this paper is organized as follows. In Section 2 we introduce the thresholding estimator and our notion of sparsity, prove the convergence result and compare to results of El Karoui (Section 2.4) and to banding (Section 2.5). In Section 3, we discuss a cross-validation approach to threshold selection, which is novel in this context, and prove a cross-validation result of general interest. Section 4 gives simulations comparing several permutationinvariant estimators and banding. Section 5 gives an example of thresholding
so that for a suitable choice of c 0 and M ,
Main result. Suppose we observe n i.i.d. p-dimensional observations X 1 , . . . , X n distributed according to a distribution F , with EX = 0 (without loss of generality), and E(XX T ) = Σ. We define the empirical (sample) covariance matrix byΣ
whereX = n −1 n k=1 X k , and writeΣ = [σ ij ]. We have the following result which parallels the banding result (Theorem 1) of Bickel and Levina [3] .
and log p n = o(1), then
and uniformly on
Proof. Recall that, without loss of generality, we assumed EX = 0. Begin with the decomposition,Σ
Note that, by (8) ,
By a result of Saulis and Statulevičius [32] adapted for this context in Lemma 3 of [3] , and σ ii ≤ M for all i, for |t| < δ, where C 1 , C 2 and δ are constants depending only on M . In particular, (10) holds if t = o(1).
For the second term in (9), we have, by the union sum inequality, the Gaussian tail inequality and σ ii ≤ M for all i,
Combining (10) and (11), we see that if log p n → 0 and t = t n is given by (7), then for M ′ sufficiently large,
We now recap an argument of Donoho and Johnstone [8] . Bound
The first term above is bounded by
On the other hand,
Using (12), we have
To bound term I, write
≤ IV + V. By (13),
Now take γ ∈ (0, 1). Then,
where (18) and (16), and 0 < γ < 1, if
and, by (9) and (13),
For term II, we have
Combining (21) and (22) and choosing t as in (7) establishes the first claim of the theorem. The second claim follows since
An analogous result holds for the inverse on U τ (q, c 0 (p), M, ε 0 ). The proof of Theorem 2 is similar to the proof of Theorem 1 and can be found in the Appendix.
2.3.
The non-Gaussian case. We consider two cases here. If, for some η > 0,
then the proof goes through verbatim, since result (10) still holds. The bound on max i |X i | 2 will always be at least the squared rate of max i,j |σ ij − σ ij |, hence we do not need normality for (11) . In the second case, if we have, for some γ > 0,
then by Markov's inequality
Thus the bound (10) becomes
and hence,
Therefore, taking t n = M p 2/(1+γ) n 1/2 , we find that
which is, we expect, minimax though this needs to be checked.
Comparison to thresholding results of El Karoui.
El Karoui [10] shows as a special case that if:
El Karoui's notion of β-sparsity is such that our case q = 0 is β-sparse with c 0 (p) = Kp β . Our results yield a rate of
2 by assumption and p ≍ n we see that our result implies (26) under (i), (ii), (iv), (v) and our notion of sparsity. Thus, our result is stronger than his in the all moments case, again under our stronger notion of sparsity. El Karoui's full result, in fact, couples a maximal value of r in (i) with the largest possible value of β. Unfortunately, this coupling involves (iii) which we do not require. Nevertheless, his result implies the corresponding consistency results of ours, if (iii) is ignored, when only existence of a finite set of moments is assumed. However, according to El Karoui (personal communication), (iii) is not needed for (26) in the case when our sparsity condition holds.
Comparison to banding results of Bickel and Levina.
Comparison is readily possible on V(ε 0 , α, C). By Theorem 1 of [3] the best rate achievable using banding is
.
On the other hand, by our Theorem 1, thresholding yields
. Comparing exponents, we see that banding is slightly better in the situation where labels are meaningful, since we must have 1 − q < α α + 1 .
However, since 1 − q can be arbitrarily close to α α+1 the difference is not sharp. Not surprisingly, as α → ∞, the genuinely sparse case, the bounds both approach (
3. Choice of threshold. The question of threshold selection seems to be hard to answer analytically. In fact, theσ ij have variances which depend on the distribution of (X i , X j ) through higher-order moments so it may in fact make sense to threshold differentially. We conjecture that this would not make much difference if we assume second and fourth moments bounded above and below. Ignoring this issue, we propose a cross-validation method analogous to the one used by Bickel and Levina [3] but made using the Frobenius metric which enables us to partly analyze it.
3.1. Method. Split the sample randomly into two pieces of size n 1 and n 2 where a choice to be "justified" theoretically is n 1 = n(1 − 1 log n ), n 2 = n log n and repeat this N times. LetΣ 1,ν ,Σ 2,ν be the empirical covariance matrices based on the n 1 and n 2 observations, respectively, from the νth split. Form
and chooseŝ to minimizeR(s) (in practice for s ≥ ε n → 0, ε n ≍ log p n ). We will show that, under the conditions of Theorem 2,
uniformly on U τ (q, c 0 (p), M ) for q > 0. Claim (28) is weaker than the desired
in terms of the norm, though the left-hand side of (28), the average of a set of eigenvalues, can be viewed as a reasonable proxy for the operator norm, the maximum of the same set of eigenvalues.
We begin with two essential technical results of independent interest.
An inequality.
We note an inequality derivable from a classic one of Pinelis-see [33] , for instance.
Then,
where C is an absolute constant.
Proof. By symmetrization,
where U ′ i are i.i.d. as U i and independent of U i , and {ε i } are ±1 with probability 1/2 and independent of |(
by Pinelis' inequality [33] . Thus
3.3.
A general result on V -fold cross-validation. We will prove our result for N = 1 in (27) . The nature of our argument in Theorem 3 is such that it is fairly easy to see that it applies to each term of the sum in (27) and thus holds not just for the "sample splitting" (N = 1) procedure, but also for the general 2-fold cross-validation procedure that is given by (27) , and in fact for more general V -fold cross-validation procedures.
Let W 1 , . . . , W n+B be i.i.d. Q-variate vectors with distribution P , with E P W ≡ µ(P ). Letμ j , 1 ≤ j ≤ J be estimates of µ based on W 1 , . . . , W n . For convenience, in this section we write
The oracle estimateμ o is defined bŷ
The sample splitting estimateμ c is defined as follows. Let
Here is our basic result which has in some form appeared in Gyorfi et al.
( [19] , Chapter 7, Theorem 7.1, page 101), Bickel, Ritov and Zakai [4] and Dudoit and van der Laan [9] . The major public proof in [19] appears to be in error and does not directly apply to our case so we give the proof of our statement for completeness.
Theorem 3. Suppose:
where A = Ω P (B) means that A = O P (B) and B = O P (A).
We identify suitable J n and B n in our discussion of Theorem 4.
Proof of Theorem 3. By definition, writing µ ≡ µ(P ),
which is equivalent to
Then we have
and similarly for the other term. Now, by Proposition 1 and assumption (A2),
where C is used generically. Therefore, after some algebra and CauchySchwarz, by (32) ,
Letting |μ c − µ| 2 = a n , we can rewrite (33) as
with probability 1 − ε(C), with ε(C) → 0 as C → ∞. Using (iii),
But by definition, a n ≥ r n and hence, We proceed to show the relevance of Theorem 3 in our context. As we indicated, it is enough to consider N = 1, and for convenience write the observations as X 1 , . . . , X m , . . . , X m+B , where n = m + B. FormΣ 1 andΣ 2 , the sample covariances of X 1 , . . . , X m and X m+1 , . . . , X m+B , respectively, and the estimates T o (Σ), Tŝ(Σ) corresponding to the oracle and statistician. By Theorem 2, it is clear that for all Σ ∈ U τ ,
and the same holds for T o (Σ 0 ), the oracle estimate applied to the covariance matrix computed with known means. Let the optimizingŝ and the oracle s be, in fact, obtained by searching over a grid {j log p n : 0 ≤ j ≤ J n }. For selected Σ ∈ U τ , O P in (39) can be turned into Ω P . To see this, consider, for example, σ ii = 1, σ ij = ε|i−j| −(α+1) for i = j. For ε > 0 sufficiently small, this matrix is positive definite and we can take the right-hand side of (39) to be r n ≡ Kc 0 (p)p( log p n ) 1−q/2 for some K. For t = M ′ log p n and M ′ sufficiently large, we know that (42) holds as an identity, which yields a contribution of at least r n . The remaining terms in the risk for T t (Σ) can only increase it. The same holds forΣ 0 . For Σ such as this with inf 
which is the optimal rate for the oracle as well.
The proof of Theorem 4, which consists of several lemmas that allow us to apply the general Theorem 3, is given in the Appendix.
Notes. 1. Evidently, with ε(n, p) ∼ (log n) −1 we can take J ∼ n κ , for any κ < ∞ if q > 0, and if p ∼ n δ , even if q = 0.
2. Similar results can be obtained for banding.
3. The assumption of Gaussianity can be relaxed. By applying Corollary 4.10 from Ledoux [27] , we can include distributions F of X = Aε, where ε = (ε 1 , . . . , ε p ) T and the ε j are i.i.d. |ε j | ≤ c < ∞ (thanks to N. El Karoui for pointing this out).
Simulation results.
The simulation results we present focus on comparing banding, thresholding, and two more permutation-invariant estimators: the sample covariance and the shrinkage estimator of Ledoit and Wolf [26] . We consider the AR(1) population covariance model, 41) with ρ = 0.7. The value of 0.7 was chosen so that the matrix is not very sparse (as would be the case with ρ ≤ 0.5) but does have a fair number of very small entries (which would not be the case with ρ close to 1). For banding, we show results for the variables in their "correct" order, and permuted at random. All other estimators are invariant to variable permutations, so their results are the same for both of these scenarios. We consider three values of p = 30, 100, 200 and the sample size is fixed at n = 100. Table 1 shows average losses and standard deviations over 100 replications, as measured by three different matrix norms (matrix 1-norm which we denote · (1,1) , operator and Frobenius norms). We also report the absolute difference in the largest eigenvalue, |λ max (Σ) − λ max (Σ)|, and the absolute value of the cosine of the angle between the estimated and true eigenvectors corresponding to the first eigenvalue. This assesses how accurate each of the estimators would be in estimating the first principal component. 
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The results in Table 1 show what one would expect: when banding is given the correct order of variables, it performs better than thresholding, since it is taking advantage of the underlying structure. When banding is given the variables in the wrong order, it performs poorly, often worse than the sample covariance matrix, and then thresholding is a much better choice. The Ledoit-Wolf estimator performs worse than thresholding by most measures, although it does well on estimating the largest eigenvalue. Note that the eigenvectors of the Ledoit-Wolf estimator are equal to the sample covariance eigenvectors. Table 2 shows the band width selected by the cross-validation procedure on correct and permuted orderings, and the threshold selection. Note that banding in permuted order always selects a diagonal model for both p = 100 and p = 200, and keeps almost all the entries at p = 30, both of which result in bad estimators. The selected threshold increases with dimension, which is expected since in higher dimensions one would need to regularize more. The selected band width also goes down with dimension (the decrease on our range of p's is not very large, but results over a wider range of dimensions in [3] show the same pattern more clearly). Figure 1 shows scree plots of the true eigenvalues and means, 2.5% and 97.5% percentiles of the estimates over 100 replications for p = 100. Interestingly, the results show that the sample covariance is very bad at estimating the leading eigenvalues, but better than thresholding on the middle part of the spectrum. The leading eigenvalues, however, are more important in applications like PCA. The Ledoit-Wolf estimator does better on eigenvalues than on overall loss measures in Table 1 . Banding in the correct order appears to do best on estimating the spectrum. For illustration purposes, scree plots from a single randomly selected realization are shown in Figure  2 .
5. Climate data example. In this section, we illustrate the performance of the thresholded covariance estimator by applying it to climate data. The data are monthly mean temperatures recorded from January 1850 to June 2006; only the January data were used in the analysis below (157 observations). The region covered by the total of 2592 recording stations extends from −177.5 to 177.5 degrees longitude, and from −87.5 to 87.5 latitude. Not all the stations were in place for the entire period of 157 years; we do not impute the missing data in any way, but instead simply calculate spatial covariance from all the years available for any given pair of stations.
EOFs (empirical orthogonal functions) are frequently used in spatio-temporal statistics to represent patterns in spatial data. They are simply the principal components of the spatial covariance matrix, where observations over time are used as replications to calculate covariance between different spatial locations. EOFs are typically represented by spatial contour plots, which provide a visual illustration of which regions contribute the most to which principal components.
The plots in Figures 3 and 4 show the contour plots of the first four EOFs obtained, respectively, from the spatial sample covariance matrix (regular PCA), and from the thresholded spatial covariance matrix. We see that with thresholding, the first EOF essentially corresponds to Eurasia, and the second to North America, which the climate scientists agree should be separate. The regular PCA does not separate the continents. Ideal separation would be achieved if the estimator was block-diagonal (no nonzero correlations between North America and Eurasia). The thresholding estimator is in fact not block-diagonal, but does set enough correlations to zero to achieve effective separation of two continents in the EOFs. We also note that in this case the thresholding estimator does have some small negative eigenvalues, but they correspond to a negligible fraction of variance.
6. Summary and discussion. We have proposed and analyzed a regularization by thresholding approach to estimation of large covariance matrices. One of its biggest advantages is its simplicity-hard thresholding carries no computational burden, unlike many other methods for covariance regularization. A potential disadvantage is the loss of positive definiteness-but since we show that for a suitably sparse class of matrices the estimator is consistent as long as (log p)/n → 0, the estimator will be positive definite with probability tending to 1. We show consistency in the operator norm, which guarantees consistency for principal components, hence we expect that PCA will be one of the most important applications of the method.
We have also provided theoretical justification for the cross-validation approach to selecting the threshold. While it was formulated in the context of hard thresholding, the general result is much more widely applicable; in particular, it applies to other covariance estimation methods that depend on selecting the tuning parameter, such as [3, 21, 28, 31] and others.
APPENDIX: ADDITIONAL PROOFS
Proof of Theorem 2. The proof is essentially the same as for Theorem 1. We need to bound
As before,
Similarly, for instance, the analogue of term III is
The only new type of term arises in the analogue of term I. Note that a,bσ
The second term is bounded by
The second term in (44) is 0 with probability tending to 1. The first is bounded by
where γ 1 ∈ (0, 1). Again, the first term in (45) is 0 with probability tending to 1 and the second is bounded by
The theorem follows by putting (42), (43) and the other remainder terms together. It is clear from the argument that, by restricting the result from the class U τ (q, c 0 (p), M ) to properly chosen Σ's, we can change O P into Ω P .
We need the following lemmas to apply Theorem 3 to the special case of Theorem 4. Let
The two terms are equal because v ab = v ba . Consider the first term. Write Similarly,
The first term is the same as (46). The second term is If γ 1 has multiplicity m > 1, we can argue as above after pulling out (1 − 2γ 1 ) −m/2 first. If the multiplicity of γ 1 is 1 butγ 1 −γ j → 0, the number of such terms is bounded above by (50) unlessγ 1 itself tends to 0 and we can argue as if all suchγ j are equal. Note also, that by (50) mγ 2 1 is bounded unless γ 1 → 0. But in that case we can obtain a better bound than (47) by applying Theorem 3.1 of Saulis and Statulevičius [32] .
Finally, if not all the γ j are positive, we break up Minimizing over x, we get that as J → ∞, the minimizer satisfies Proof of Theorem 4. We use Lemma A.3 to bound ρ(J) and first obtain the equivalent of (40) forΣ 0 by plugging in ρ(J) ≤ C(log J) 2 p. Take r n = Kp( log p n ) 1−q/2 , B, J as in the statement of Theorem 4, and check that the conditions of Theorem 3 are satisfied when applied to {W i } and the J thresholding estimates that we optimize over for estimating E(W 1 ) = Σ.
The argument forΣ requires us to return to (35) withW B − µ replaced byW B −X BX T B . By (57), (36) holds with this replacement on the left-hand side, and ρ(J) ≤ C(log J) 2 pB −2 . The analogue of Theorem 3 holds for this special case and Theorem 4 follows.
